Upper limits on the amplitude of ultra-high-frequency gravitational
  waves from graviton-photon mixing by Ejlli, Aldo et al.
Upper limits on the amplitude of ultra-high-frequency gravitational waves
from graviton-photon mixing
A. Ejlli1,∗ D. Ejlli3, A. M. Cruise2, G. Pisano1, H. Grote1
1 Cardiff University, School of Physics and Astronomy,
The Parade, CF24 3AA, Cardiff, UK
2 Birmingham University,
School of Physics and Astronomy,
Edgbaston Park Rd, Birmingham B15 2TT, UK
3Department of Physics, Novosibirsk State University,
2 Pirogova Street, 630090 Novosibirsk, Russia
In this work, we present the first experimental upper limits on the presence of stochastic ultra-
high-frequency gravitational waves. We exclude gravitational waves in the frequency bands from
(2.7−14)×1014 Hz and (5−12)×1018 Hz down to a characteristic amplitude of hminc ≈ 6×10−26 and
hminc ≈ 5× 10−28 at 95% confidence level, respectively. To obtain these results, we used data from
existing facilities that have been constructed and operated with the aim of detecting WISPs (Weakly
Interacting Slim Particles), pointing out that these facilities are also sensitive to gravitational waves
by graviton to photon conversion in the presence of a magnetic field. The principle applies to all
experiments of this kind, with prospects of constraining (or detecting), for example, gravitational
waves from light primordial black hole evaporation in the early universe.
I. INTRODUCTION
With the first detections of gravitational waves (GWs) by the ground-based laser interferometers LIGO and VIRGO,
a new tool for astronomy, astrophysics and cosmology has been firmly established [1, 2]. GWs are space-time pertur-
bations predicted by the theory of general relativity that propagate with the speed of light and can be predominantly
characterised by their frequency f and the dimensionless (characteristic) amplitude hc. Based on these two quantities
and the abundance of sources across the full gravitational-wave spectrum, as well as the availability of technology, it
becomes clear that different parts of the gravitational-wave spectrum are more accessible than others.
Current ground-based detectors are sensitive in the frequency band from about 10 Hz to 10 kHz [3–6] where the
intersection of efforts in the development of the technology and the abundance of sources facilitated the first detections.
Coalescences of compact objects such as black holes and neutron stars have been detected, and spinning neutron stars,
supernovae and stochastic signals are likely future sources. Since in principle, GWs can be emitted at any frequency,
they are expected over many decades of frequency below the audio band, but also above it. At lower frequencies, the
space-based laser interferometer LISA is firmly planned to cover the 0.1− 10 mHz band [7, 8], targeting, for example,
black hole and white dwarf binaries. At even lower frequencies in the nHz regime, the pulsar timing technique promises
to facilitate detections of GWs from supermassive black holes [9–11].
Frequencies above 10 kHz have been much less in the focus of research and instrument development in the past,
but given the blooming of the field, it seems appropriate to not lose sight of this domain as technology progresses.
One of the main reasons to look for such high frequencies of GWs is that several mechanisms that generate very
high-frequency GWs are expected to have occurred in the early universe just after the big bang. Therefore, the study
of such frequency bands would give us a unique possibility to probe the very early universe. However, the difficulty
in probing such frequency bands is illuminates by the fact that laser-interferometric detectors such as LIGO, VIRGO
and LISA work in the lower frequency part of the spectrum and their working technology is not necessarily ideal for
studying very-high-frequency GWs. The characteristic amplitude of a stochastic background of GWs hc, for several
models of GW generation, decreases as the frequency f increases. Consequently, to study GWs with frequencies in
the GHz regime or higher requires highly sensitive detectors in terms of the characteristic amplitude hc.
One possible way to construct detectors for very-high-frequency GWs is to make use of the partial conversion of
GWs into electromagnetic waves in a magnetic field. Indeed, as general relativity in conjunction with electrodynamics
predicts, the interaction of GWs with electromagnetic fields, in particular, static magnetic fields, generate propagating
electromagnetic radiation at the same frequency as the incident GW. In other words, gravitons mix with photons
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2in electromagnetic fields. This effect has been studied in the literature by several authors in the context of a static
laboratory magnetic field [12–15] and in astrophysical and cosmological situations [16–20]. The effect of graviton-
photon (also denoted as GRAPH) mixing is the inverse process of photon-graviton mixing studied in Refs. [15, 21–24].
Based on the graviton-photon (or GRAPH) mixing, in this work we point out that the existing experiments that are
conceived for the detection of weakly interacting slim particles (WISPs) are also GW detectors in a sense mentioned
above: they provide a magnetic field region and detectors for electromagnetic radiation. In this work, we make use
of existing data of three such experiments to set first upper limits on ultra-high frequency GWs. As technology may
progress further, future detectors based on the graviton to photon mixing effect may be able to reach sensitivities for
GW amplitudes near the nucleosynthesis constraint at the very high-frequency regime.
This paper is organised as follows: In Sec. II, we give an overview of high-frequency GW sources and generating
mechanisms as well as previously existing experimental upper limits. In Sec. III we discuss the working mechanism
of current WISP detectors and the possibility to use them as GW detectors. In Sec. IV, we consider the minimum
GW amplitude that can be detected by current WISP detectors. In Sec. V, we discuss the prospects to detected
ultra-high-frequency GWs with current and future WISP detectors and in Sec. VI we conclude. In this work we use
the metric with signature ηµν = diag[1,−1,−1,−1] and work with the rationalised Lorentz-Heaviside natural units
(kB = ~ = c = ε0 = µ0 = 1) with e2 = 4piα if not otherwise specified.
II. OVERVIEW OF HIGH FREQUENCY GW SOURCES AND DETECTION AMPLITUDE UPPER
LIMITS
The gravitational wave emission spectrum has been fully classified from (10−15 − 1015) Hz, as for example, more
recently in [25]. For the frequency region of interest to this paper, the high-frequency GW bands are given as:
• High-Frequency band (HF), (10− 100 kHz),
• Very High-Frequency band (VHF), (100 kHz − 1 THz),
• Ultra High-Frequency band (UHF), (above 1 THz).
A viable detection scheme in the VHF and UHF bands (but in principle at all frequencies), is the graviton to
photon mixing effect. Based on this effect, it seems feasible to search for GWs converted to electromagnetic waves
in a magnetic field. The generated electromagnetic waves can be processed with standard electromagnetic techniques
and can be detected, for example, by single-photon counting devices at a variety of wavelengths. Following the
classification of [18], there appear to be four kinds of potential GW sources in the VHF and UHF bands: discrete
sources [26], cosmological sources [27], braneworld Kaluza-Klein (KK) mode radiation [28, 29] and plasma instabilities
[29]. Except for the discrete sources, the GW radiation is usually emitted isotropically in all directions for several
generation models, see below. Normally, a GW detector should be oriented toward the source in order to efficiently
detect GWs, except for the majority of cosmological sources. Indeed, cosmological sources are expected to generate
a stochastic, isotropic, stationary, and Gaussian background of GWs that in principle can be searched for with an
arbitrary orientation of the detector. The upper limits on the GW amplitudes that we derive in this paper are limited
to the cosmological sources since the detectors (see next section), except for one experiment which pointed towards the
sun, cannot point deliberately to the emitting sources, so their measurements are most sensitive to the cosmological
sources creating an isotropic background of GWs. We list some possible sources of GWs:
• Stochastic background of GWs
The stochastic background of GWs is assumed to be isotropic [30–32] and must exist at present as a result of
an amplification of vacuum fluctuations of gravitational field to other mechanisms that can take place during
or after inflation [33]. Inflationary processes and the hypothetical cosmic strings are potential candidates of the
GW background with some differences in the predicted intensity and spectral features [30–32]. The cutoff is
approximately in the region νc ∼ 1011 Hz and corresponds to the temperature 0.9 K. Beyond νc the spectrum
falls very quickly for most inflationary models. The prediction for the cutoff frequency in some cosmic string
models gives the cutoff shifted to 1013−1014 Hz [30–32]. The metric perturbation at the cutoff frequency 1011 Hz
corresponds to an estimated strain amplitude of hc ∼ 10−32.
• GWs from primordial black holes
In Ref. [34], the authors proposed the existence of Primordial Black Hole (PBH) binaries and estimated the
radiated GW spectrum from the coalescence of such binaries. In addition, the mechanism of evaporation of
small mass black holes gives rise to the production of high and ultra-high frequency GWs. An estimation of the
3efficiency of this emission channel which might compensate the deficit of high-frequency gravitons in the relic
GW background has been thoroughly studied in [26]. A detailed calculation of the energy density of relic GWs
emitted by PBHs has been performed in [35]. The author’s analysed and calculated the energy density of GWs
from PBH scattering in the classical and relativistic regimes, PBH binary systems, and PBH evaporation due
to the Hawking radiation.
• GWs from thermal activity of the sun
A third class that does generate a stochastic, but not an isotropic background of GWs, which is relevant to this
work, is the GW emission from the sun [36]. The high temperature of the sun in the proton-electron plasma
produces isotropic gravitational radiation noise due to thermal motion [37–39]. The emission comes to the
detector from the direction of the sun, and the observations have the potential to set limits on this process.
The frequency of the collisions of νc ∼ 1015 Hz determines the gravitational wave frequency, and the highest
frequency corresponds to the thermal limit at ωm = kT/~ ∼ 1018 Hz. Using the plasma parameters in the
centre of the Sun the estimation of the “thermal gravitational noise of the Sun” reaching the earth provides a
stochastic flux at “optical frequencies” of the order hc ∼ 10−41 [39].
So far, dedicated experiments to detect GWs in the VHF region are based on two designs: polarisation measurement
on a cavity/waveguide detector and cross-correlation measurement of two laser interferometers. The cavity/waveguide
prototype measured polarisation changes of the electromagnetic waves, which in principle can rotate under an incoming
GW, providing an upper limit on the existence of GWs background to a strain of 10−14/
√
Hz at 100 MHz [40]. The
two laser interferometer detectors with 0.75 m long arms have used a so-called synchronous recycling interferometer
and provided an upper limit on the existence of the GW background to a strain of 10−16/
√
Hz at 100 MHz [41, 42].
Another facility, the Fermilab Holometer, has performed the most recent measurement at slightly lower frequencies.
The Fermilab Holometer [43] consists of separate, yet identical Michelson interferometers, with 39 m long arms. The
upper limits found within 3σ, on the amplitude of GWs are, in the range hc < 25 × 10−19 @ 1 MHz down to a
hc < 2.4× 10−19 @ 13 MHz.
III. WISP SEARCH EXPERIMENTS AND THEIR RELEVANCE TO UHF GWS
FIG. 1: Simplified schematic of the experimental setup aiming at the detection of WISPs. In the upper panel left-hand side,
the electromagnetic waves interacting with the magnetic field produce the hypothetical WISPs, and at the right-hand side
electromagnetic waves are produced by the decay of WISPs in the constant magnetic field. Our work is illustrated by the lower
panel ignoring the transparent left-hand side. On the right hand side, the photons detected could be due to the passage of
GWs propagating in the constant magnetic field.
The experiments ALPS [44], OSQAR [45] and CAST [36] have not been designed to detect GWs in the first place.
However, in this work their results are used to compute new upper limits on GW amplitudes and related parameters.
4The experiments performed by ALPS and OSQAR are usually called “light shining through the wall experiment”
where the hypothetical WISPs, that are generated within the experiment, mediate the “shining through the wall”
process, and decaying successively into photons. In contrast, the CAST experiment searches directly for WISPs
emitted from the core of the sun. Though all these experiments are not designed to detect gravitational waves, they
provide a high sensitivity measurement of single photons generated in their constant magnetic field which is the crucial
ingredient for the detection of graviton-photon mixing.
The main characteristics of the ALPS, OSQAR and CAST experiments are:
• ALPS experiment at DESY
The ALPS (I) experiment has performed the last data taking run in 2010, and the specific characteristics of
the experiment are found in Ref. [46]. A general schematic of the principle is shown in the upper panel of the
Fig. 1. The production of WISPs and their re-conversion into electromagnetic radiation is located in one single
HERA superconducting magnet where an opaque wall in the middle separates the two processes. The HERA
dipole provides a magnetic field of 5 T in a length of 8.8 m. The electromagnetic radiation, generated by the
decay of the WISPs in the magnetic field, passed a lens of 25.4 mm diameter and focal length 40 mm. The lens
focuses the light onto a ≈ 30 µm diameter beam spot on a CCD camera.
• OSQAR experiment at CERN
The OSQAR experiment has performed the last data taking in 2015, and the specific characteristics of the
experimental setup are found in [45, 47]. The OSQAR collaboration has used two LHC superconducting dipole
magnets separated by an optical barrier, (for a conceptual scheme see the upper panel of the Fig. 1). The LHC
dipole magnets provide a constant magnetic field of 9 T, along a length of 14.3 m. To focus the generated
photons of the beam onto the CCD, an optical lens of 25.4 mm diameter and a focal length of 100 mm was
used, installed in front of the detector similar to the Fig. 1. Data acquisition has been performed in two runs
with two different CCD’s having different quantum efficiencies.
• CAST experiment at CERN
The CERN Axion Solar Telescope (CAST) experiment has the aim to detect or set upper limits on the flux of
the hypothetical low-mass WISPs produced by the Sun. A refurbished CERN superconducting dipole magnet of
9 T and 9 m length was used. The solar Axions with expected energies in the keV range can convert into X-rays
in the constant magnetic field, and an X-ray detector has been used to performed runs in the time period 2013
- 2015 [48]. To increase the cross section, both the two parallel pipes which pass through the magnet have been
used which provide an area of 2× 14.5 cm2 focused into a Micromegas detector. The CAST detector mounted
on the pointing system had a telescope with a focal length of 1.5 m installed for the (0.5−10) keV energy range.
IV. MINIMAL-DETECTION OF GW AMPLITUDE
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FIG. 2: Quantum efficiency as a function of the wavelength. Left-hand side panel: the quantum efficiency of the detectors
using the method “light shining through a wall”; in the right-hand panel: the quantum efficiency of the Micromegas X-ray
detector used in the CAST experiment. The detector bandwidth and their normalised quantum efficiency function are used to
compute the upper limits un GWs detectors.
5In this section, we show how we compute upper limits on the GW dimensionless amplitude hc based on the charac-
teristics of the experiments described above that are sensitive to an isotropic background of GWs from cosmological
sources and to the thermal activity in the sun. We ignore the generation of WISPs (Fig. 1: lower panel) and focus on
the second half of the magnetic field for the case of ALPS and OSQAR experiments, and, for the CAST experiment
we consider the full magnet region. These experiments measure a number of photons per unit time with their CCD
detectors, namely Nexp in an energy band ∆ω with efficiency γ and in a cross-section A. In what follows we assume
that in the CCD, the background dark current fluctuation is a stochastic process with uniform probability distribution
and stationary in ω. In this case, the energy flux of photons generated in an energy bandwidth [ωi, ωf ] is given by:
ΦCCDγ (z, ωf ; t) =
∫ ωf
ωi
1
A(z)
N(ω, t)ω
γ(ω)
dω SI :
[
J
m2 s
]
(1)
where N(ω, t) is the number of photons per unit of time and energy. Now, we have to compare the measured energy flux
of photons with the intrinsic energy flux of photons generated in the graviton-photon mixing. The analytical treatment
for an isotropic background of GWs converted into electromagnetic waves, is described in detail in Appendix II, III. In
Appendix III, different useful quantities are calculated, for stochastic GWs propagating in a transverse and constant
magnetic field. Since all the experiments operated under vacuum condition and the propagation distance z is small
with respect to the oscillation length of the particles, we can safely take ∆x,yz  1. Then the energy flux of photons
generated in the magnetic field of length z given by expression (B8), in the same energy bandwidth [ωi, ωf ] becomes:
Φgraphγ (z, ωf ; t) = (M
x
gγ)
2
∫ ωf
ωi
[
sin2(∆xz)
∆2x
+
sin2(∆yz)
∆2y
]
h2c(0, ω)ω
2 κ2
dω '
∫ ωf
ωi
B2 z2 h2c(0, ω)ω
4
dω SI :
[
J
m2 s
]
. (2)
Comparing the energy fluxes in expressions (1) and (2), and requiring that for detection, the energy flux in (2)
must be bigger or equal to the energy flux in (1), we get
h2c(0, ω) ≥
4N(ω, t)
B2 L2A(L) γ(ω)
, (3)
where we took z = L with L being the spatial extension of the external magnetic field. All the three experiments
listed in the section above their upper limits are compatible to the background fluctuation of the detector which allows
us to express the relation: N(ω, t) = Nexp/∆ω, where ∆ω = ωf − ωi. Finally, by putting the units in explicitly, we
get the following expression for the minimum detectable GW amplitude:
hminc (0, ω) '
√
4Nexp
AB2 L2 γ(ω) ∆ω
' 1.6× 10−16
√(
Nexp
1 Hz
)(
1 m2
A
)(
1 T
B
)2(
1 m
L
)2(
1 Hz
∆f
)(
1
γ(ω)
)
, (4)
where ω = 2pif with f being the frequency.
In order to compute the minimum detectable GW amplitude, hminc , we have extracted the following quantities from
the ALPS, OSQAR and CAST experiments:
• Nexp - the total detected number of photons per second in the bandwidth ∆ω,
• A - cross-section of the detector,
• B - magnetic field amplitude,
• L - distance extension of the magnetic field,
• γ - quantum efficiency of the detector,
• ∆f - operation bandwidth of the CCD.
These quantities permit to compute the equivalent minimum amplitude hminc of a stochastic GW background which
would generate photons through graviton-photon mixing, equivalent number of background photons that the CCD
has read. The data accounted for the photon detection in the constant magnetic field for the three experiments ALPS,
OSQAR and CAST, exclude the detection of physical signals with fluxes bigger or comparable to the background
6γ(ω) Nexp (mHz) A (m
2) B (T) L (m) ∆f (Hz)
ALPS I see Fig 2 0.61 0.5× 10−3 5 9 9× 1014
OSQAR I see Fig 2 1.76 0.5× 10−3 9 14.3 5× 1014
OSQAR II see Fig 2 1.14 0.5× 10−3 9 14.3 1× 1015
CAST see Fig 2 0.15 2.9× 10−3 9 9.26 1× 1018
TABLE I: Relevant characteristics of the experimental setups, as operated for the detection of WISPs, and used for GW
upper limits in this work. The reported quantities are used to estimate the minimum detectable GW amplitude through the
graviton-photon mixing in a constant and transverse magnetic field.
count of the CCD detectors at 95% confidence level which allows putting upper limits on the minimal detectable GW
amplitude hminc at the same confidence level.
The extracted quantities used to compute the upper limits on hminc are summarised in Table I. These experiments
attempting to detect WISPs have used subsequently improved CCDs during different run phases which is taken into
account in the analysis. The quantum efficiencies in Table I are represented graphically in Fig. 2 as a function of the
wavelength. We have taken into account that Nexp is normalised to the quantum efficiency the working frequency of
the WISPs experiments, and the range of the expected photons is imposed by the sensitive frequency range of the
CCD.
The cross-section reported in Table I has been computed, for the ALPS and OSQAR experiments, considering the
area enclosed by the diameter of the lens [44, 45]. Instead, the CAST experiment uses the whole cross-section of the
two beam pipes. Using the data of the Table I and expression (4) it is possible to produce an upper limit plot of the
FIG. 3: Plots of the minimum detectable GW amplitude hminc as a function of the frequency f , deduced deduced from the
measured data of the denoted experiments.
GW amplitude, see Fig. 3, due to the conversion of GWs into photons. The region above each curve is the excluded
region. To our knowledge, these are the first experimental upper limits in these frequency regions.
V. PROSPECTS ON DETECTING ULTRA-HIGH FREQUENCY GWS FROM PRIMORDIAL BLACK
HOLES
Graviton-photon mixing maybe a useful path towards the detection of UHF GWs. The actual technology has made
further progress in the detection of single photons and new facilities are intended for WISP search, using higher values
of B and L in order to achieve higher sensitivities. One facility which plans to do so is the ALPS IIc proposal which
consists of two 120 m long strings of 12 HERA magnets each, with a magnetic field of 5.3 T. The scheme of generation
and conversion of the WISPs is still the same, expected an optical resonator is added to the reconversion region.
A follow-up of the CAST telescope is the proposed International Axion Observatory (IAXO). Tab. II represent the
detector parameters of ALPS IIc [49], a possible follow-up named JURA [50], and of the IAXO proposal [52].
Since the working frequency of the detectors is different we compute the sensitivity to detected GWs, with the
graviton-photon mixing process, in two frequency regions:
• Infrared
7FIG. 4: In the upper panel conceptual scheme of the experimental setup ALPS II and a possible follow-up named JURA where
we note the addition of the FP cavity in the right-hand side. Our prediction for the sensitivity of the minimal amplitude of
hminc used the right-hand side process, where the photons generated via graviton-photon mixing are resonantly enhanced in
the Fabry-Perot cavity. In the lower panel, the Fabry-Perot resonator concept is described where Egraph is the electric field
generated from the graviton photon mixing in the cavity, Ecirc is circulating electric field accumulated inside the resonator after
transmission losses on both mirrors, Etrans is transmitted electric field through the mirrors and L the length of the cavity.
γ Ndark (Hz) A (m
2) B (T) L (m) F
ALPS IIc 0.75 ≈ 10−6 ≈ 2× 10−3 5.3 120 40 000
JURA 1 ≈ 10−6 ≈ 8× 10−3 13 960 100 000
IAXO 1 ≈ 10−4 ≈ 21 2.5 25 -
TABLE II: Parameters of APLs IIc, JURA and IAXO proposals used to estimate the predicted minimum detectable GW
amplitude through the graviton-photon mixing in their constant and transverse magnetic field: γ is the efficiency photodetector
at 1064 nm, Ndark correspond to the number of photons per unit of time limited by the dark count sensitivity, A is the cross-
section, B (T) is the magnetic field magnitude, L is the magnetic field length and F is the finesse of the cavity.
One of the most important changes that ALPS IIc, with respect to the ALPS I and OSQAR, is the use of
a Fabry-Perot cavity to enhance the decay processes of WISPs into photons, see Fig. 4. The Fabry-Perot
cavity will allow just a range of electromagnetic waves to be built up resonantly, within the cavity bandwidth:
∆ωc = ∆ωFSR/F where F = pi/(1 − R) is the cavity finesse, ∆ωFSR = pi/L is the cavity free spectral range,
and R is the reflectance of the mirrors. The Fabry-Perot cavity enhances the decay rate of WISPs to photons
[53]. This is an essential aspect because it will also account for the transition of gravitons into photons [54].
Stochastic broadband GWs converted into electromagnetic radiation would excite several resonances of the
cavity at frequencies ωc ± n∆ωFSR, where ∆ωc is the cavity frequency bandwidth, and n is an integer number
with its range depending on the coating of the mirrors. To calculate the response of the Fabry-Perot resonator,
we use of the circulating field approach [55, 56], as displayed in the lower panel of Fig. 4. We assume a steady
state approximation to derive the circulating electric field ~Ecirc inside the cavity and the mirrors have the same
reflectance R and transmittance T . Defining the phase shift after one round trip 2φ(ω) = 2ωL, the accumulated
electric field ~Ecirc after a large number of reflections (which can be assumed infinite in the calculations below)
of the electric field ~E graph generated in the GRAPH mixing is:
8~Ecircx,y (z, t) = ~E
graph
x,y (z, t)
(
1 +Re−i2φ(ω,L) +
(
Re−i2φ(ω,L)
)2
+ · · ·
)
= ~E graphx,y (z, t)
∞∑
n=0
(
Re−i2φ(ω,L)
)n
= ~E graphx,y (z, t)
1
1−Re−i2φ(ω,L) . (5)
The circulating flux, in a time t > τ where τ = FL/pi is the charge time of the cavity, at a distance z = L is
Φ circγ (L, t) ≡ 〈|Ecircx (z, t)|2〉+ 〈|Ecircy (z, t)|2〉. By expanding ~E graphx,y (z, t) as a Fourier integral and doing the same
steps to derive the flux as shown in Appendix (A) from Eq. B2 to Eq. B7, then the circulating flux simplifies to
the following expression:
Φcircγ (L, t) '
∫ +∞
0
1
(1−R)2 + 4R sin2 [φ(ω,L)]
B2 L2 h2c(0, ω)ω
4
dω. (6)
where we have consider that the propagation distance z = L is small with respect to the oscillation length of
the particles, and we can safely take ∆x,yz  1. Taking the differential of the circulating flux in (6) for a given
energy interval [ωi, ω], we find the the following relation
dΦ circγ (L, ω; t) =
dΦ graphγ (L, ω; t)
(1−R)2 + 4R sin2 [φ(ω,L)] . (7)
where dΦ graphγ (L, ω; t) is the differential of Eq. B7 in a given energy interval [ωi, ω], which correspond to the flux
of photons generated through the graviton-photon mixing without the cavity. Now we can derive the gain factor,
namely Γcirc(φ), as the differential of the circulating energy flux in the resonator relative to the differential of
the energy flux generated in the graviton-photon mixing without the cavity
Γcirc(φ) =
dΦ circγ (L, ω; t)
dΦ graphγ (L, ω; t)
=
1
(1−R)2 + 4R sin2 [φ(ω,L)] . (8)
For a given length L and for frequencies matching the cavity resonance, or φ(ω,L) = npi where n is a positive
integer, the internal gain enhancement factor is maximum: Γcirc(npi) = (F/pi)2. In the same way, we derive the
transmitted gain on both sides of the cavity, which expression is given by:
Γtrans(φ) =
dΦ transγ (L, ω; t)
dΦ graphγ (L, ω; t)
=
1−R
(1−R)2 + 4R sin2 [φ(ω,L)] . (9)
Unlike before, the transmitted flux from the cavity will exhibit transmitted light peaks which gain factor,
for frequencies matching the cavity resonance condition, reduces to: Γtrans(npi) = (F/pi). Now we can write
explicitly the equation of the flux produced from graviton-photon mixing transmitted from the cavity in a energy
bandwidth [ωi, ωf ]:
Φtransγ (L, ωf ; t) =
∫ ωf
ωi
Γtrans(φ) dΦ
graph
γ (L, ω; t) =
∫ ωf
ωi
B2xL
2hc(0, ω)
2
4
Γtrans(φ)ω dω. (10)
A photo-detector placed at the transmission line of the cavity will measures an energy flux, within its bandwidth
∆ω defined in Eq. 1. According to the previous discussion, a cavity of length L will transmit light peaks for
frequencies ω∗ = npi/L, and such frequency should be in the interval bandwidth ∆ω. Reminding that the
flux in expressions (10) is calculated for a stochastic process and taking into account the bandwidth of the
photodetectors of ALPS IIc and JURA such condition is satisfied. Now, considering the energy flux of a
photodetector limited by the dark count rate Ndark, where N(ω, t) = Ndark/∆ω, and comparing with the energy
9fluxes in expressions (10), and solving for hc(0, ω) in SI units, at the maximum transmission ω
∗ = npi/L,
becomes:
hminc (0, ω
∗) ' 2.8× 10−16
√(
1
F
)(
Ndark
1 Hz
)(
1 m2
A
)(
1 T
B
)2(
1 m
L
)2(
1 Hz
∆f
)(
1
γ(ω)
)
. (11)
From the above equation, we can observe that to compute the sensitivity in amplitude hc(0, ω), with respect to
the case without cavity Eq. 4, in addition, we need to know the finesse factor F . The minimum detectable GW
amplitude, considering the photodetector background rate in one second, limited by the dark counting rate, a
frequency bandwidth ∆f ≈ 4 × 1014 Hz [51], and the relevant characteristic of Tab. V, the sensitivity for the
minimal amplitude is: hALPS IIcc ≈ 2.8× 10−30 and hJURAc ≈ 2× 10−32, which is two orders of magnitude better
than in the case without cavity.
• X-rays
The core element of IAXO will be a superconducting toroidal magnet, and the detector will use a large mag-
netic field distributed over a large volume to convert solar axions into detectable X-ray photons. The central
component of IAXO is a superconducting toroidal magnet of 25 m length and 5.2 m diameter. Each toroid is
assembled from eight coils, generating 2.5 T in eight bores of 600 mm diameter. The X-ray detector would be an
enhanced Micromegas design to match the softer 1− 10 keV spectrum. The X-rays are then focused at a focal
plane in each of the optics read by pixelised planes with a dark current background level of Ndark = 10
4 [52]. For
the process of graviton to photon conversion, the sensitivity on the minimal amplitude of hIAXOc ≈ 1× 10−29.
V.a. Ultra-High Frequency GWs from Primordial Black Holes
FIG. 5: Graphical representation of the amplitude hminc as a function of frequency for the: PBH evaporation of masses mBH
(10−3, 104 g, 108 g), the upper limits of graviton-photon conversion data in Fig. 3, the estimated amplitude sensitivity for
the ALPS IIc and JURA (red and grey lines) at the infrared region using their detection scheme. The dotted blue line is
the estimated sensitivity for the solar telescope IAXO successors of CAST experiment. The two dashed lines represent the
nucleosynthesis amplitude upper limit and the predicted amplitude from the thermal GW emitted from the sun. Here for
simplicity we have assumed a value of the PBH density parameter at their production times equal to Ωp ' 10−7. Both
amplitude, hc, and frequency axes are in Log10 units.
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In order to describe the potential of ALPS IIc and JURA on probing the GW background at very high frequencies
an explicit example of a GW source can be considered. One of the most promising sources of VHF and UHF GWs in
the frequency range of interest regarding ALPS IIc is the evaporation of very light PBHs that would have been formed
just after the big bang. As shown in detail in Ref. [35], these black holes would emit GWs by different mechanism
as scattering, binary black hole, and evaporation by hawking radiation which in principle could contribute to the
spectrum of cosmic electromagnetic X-ray background due to graviton-photon mixing in cosmic magnetic fields [19].
It is especially the evaporation of GWs due to Hawking radiation which generates a substantial amount of GWs in
the frequency regime compatible with the ALPS IIc and JURA working frequency. The spectral density parameter
of GWs at present is given in Ref. [35] and it reads
h20Ωgw(f ; t0) = 1.36× 10−57
(
Neff
100
)2(
1 g
mBH
)2(
f
1 Hz
)4 ∫ zmax
0
√
1 + z
e
(
2pif(1+z)
T0
)
− 1
dz (12)
where T0 is the PBH temperature redshifted to the present time, mBH is the PBH mass, Neff is number of particle
species with masses smaller than the BH temperature TBH, and zmax is the maximum redshift. The PBH temperature
at present and the maximum redshift are given by [35]
T0 = 1.43× 1013
(
100
Neff
)1/2(
100
gS(T (τBH))
)1/2(
mBH
1 g
)1/2
(Hz)
zmax =
(
32170
Neff
)2/3(
mBH
mPl
)4/3
Ω
1/3
P − 1, (13)
where ΩP is the density parameter of PBH at their production time and mPl is the Planck mass and gS(T (τBH)) is
the number of species contributing to the entropy of the primeval plasma at temperature T (τBH) at the evaporating
life-time τBH [57, 58] . The number of PBHs that take part in this process is included in the density parameter ΩP,
see Ref. [35] for details.
Now in order to extract the characteristic amplitude due to the stochastic background of GWs due to PBH evap-
oration we need an expression which connects hc to the density parameter h
2
0Ωgw. By using the definition of the
density parameter in (B9) and the expression for the energy density of GWs in (B10), we get
hc(0, f) ' 1.3× 10−18
√
h20Ωgw(f ; t0)
(
1 Hz
f
)
. (14)
Now by using expression (12) into expression (14), we get the following expression for the characteristic amplitude of
GWs due to PBH evaporation
hc(0, f) = 4.8× 10−47
(
Neff
100
)(
f
1 Hz
)(
1 g
mBH
)√√√√∫ zm
0
√
1 + z
e
(
2pif(1+z)
T0
)
− 1
dz. (15)
In order to have an overview of the upper limit derived and the perspective to detect UHF GWs, in Fig. 5 is shown:
the upper limits derived in the previous section, the estimated minimum detectable amplitude for the ALPS IIc and
JURA considering the photo detector dark count rate, the maximum GWs amplitude generated in the production
cavity, the estimated GWs amplitude for Neff = 100, Ωp = 10
−7 and BH masses (10−3, 104, 108) g, the prediction
of the GWs from the sun and the nucleosynthesis upper limit, Ωgw ≈ 10−5 [32]. The sensitivity to GW detection
for ALPS IIc and JURA could reach better results for longer integration time, for example, T = 106 − 107 s. A
straightforward method, to integrate in time, is to modulate the field amplitude. In such a situation, the signal-to-
noise ratio improves as
√
T . An alternative method, without the signal modulation, is to correlate the data stream
from two different photodetectors. The electromagnetic wave is generated inside the Fabry-Perot cavity, and the
transmission is on both mirrors of the cavity which are placed on the sides of the magnet. Having two photodetectors
mounted on both sides of the magnet and correlating their signal in time would allow lowering the statistical noise of
the detector. So, the time integration would let to a further gain in the sensitivity amplitude hminc . Ultimately the
ALPS IIc would be able to explore new amplitude regions of GWs which target source could be the predicted GWs
generated from the evaporation of PBHs.
VI. CONCLUSIONS
A broad spectrum of the emission of GWs is predicted to exist in the universe, and some sources could generate
GWs with frequencies higher than THz. The predicted conversion of gravitons into photons, due to the propagation in
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a static magnetic field, is not out of reach for current technologies. The technique of various detectors having the aim
of counting single photons, at a narrow wavelength in a static magnetic field has been developed as detectors for the
measurement of WISPs, a dark matter candidate, decaying to photons in the transverse magnetic field. Though the
WISPs detection setups were not particularly designed to detect GW conversion, the generation of electromagnetic
radiation as GWs propagate in a static magnetic field provides the possibility of using the published data, currently
for the ALPS, OSQAR, CAST collaborations, to set the first upper limits on the amplitude of isotropic Ultra-High-
Frequency GWs. We exclude the detection of GWs down to an amplitude hminc ≈ 6× 10−26 at (2.7− 14)× 1014 Hz
and hminc ≈ 5× 10−28 at (5− 12)× 1018 Hz at 95% confidence level. Many theoretical potential ultra-high-frequency
GW sources could be searched for using such similar experimental setups. The next generation experiments, such as
the ALPS IIc and JURA facilities, or similar experiments using high static magnetic fields, are potential detectors for
the graviton to photon graviton-photon mixing as well. The predicted ALPS IIc data taking or eventually JURA will
be able to produce more stringent upper limits on the amplitude of the stochastic wave background of GWs generated
from PBH evaporation models.
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Appendix A: Propagation of GWs in a constant magnetic field
Here we review the graviton-photon mixing in an external magnetic field, namely a magnetic field that is constant
in space and time. In this section we closely follow Ref. [20]. To start with it is necessary first to write the total
Lagrangian density L of the graviton-photon system. In our case, it is given by the sum of the following terms
L = Lgr + Lem, (A1)
where Lgr and Lem are respectively the Lagrangian densities of the gravitational and electromagnetic fields. These
terms are respectively given by
Lgr = 1
κ2
R, Lem = −1
4
FµνF
µν − 1
2
∫
d4x′Aµ(x)Πµν(x, x′)Aν(x′), (A2)
where R is the Ricci scalar, g is the metric determinant, Fµν is the total electromagnetic field tensor, κ
2 ≡ 16piGN
with GN being the Newtonian constant and Π
µν is the photon polarisation tensor in a magnetised medium.
The equations of motion from (A1) and (A2) for the propagating electromagnetic and GW fields components, Aµ
and hij , in an external magnetic field are given by [20]
∇2A0 = 0,
Ai +
(∫
d4x′Πij(x, x′)Aj(x′)
)
+ ∂i∂µA
µ = κ ∂µ[h
µβF¯ iβ − hiβF¯µβ ],
hij = −κ (BiB¯j + B¯iBj + B¯iB¯j), (A3)
where Aµ = (φ,A) is the incident electromagnetic vector-potential with magnetic field components Bi and B¯i are
the components of the external magnetic field vector B¯. In obtaining the system (A3) we made use of the TT-gauge
conditions for the GWs tensor h0µ = 0, h
i
i = 0 and ∂
jhij = 0. As shown in details in Ref. [20], the system (A3) can be
linearized by making use of the slowly varying envelope approximation (SVEA) which is a WKB-like approximation
for a slowly varying external magnetic field of spacetime coordinates. In this approximation, and for propagation
along the observer’s zˆ axis in a given cartesian coordinate system, equations (A3) can be written as [20]
(ω + i∂z)Ψ(z, ω, zˆ)I +M(z, ω)Ψ(z, ω, zˆ) = 0, (A4)
where in (A4) I is the unit matrix, Ψ(z, ω, zˆ) = (h×, h+, Ax, Ay)T is a four component field with h×,+ being the usual
GW cross and plus polarisation states and Ax,y are the usual propagating transverse photon states. In (A4) M(z, ω)
is the mass mixing matrix which is given by
M(z, ω) =

0 0 −iMxgγ iMygγ
0 0 iMygγ iM
x
gγ
iMxgγ −iMygγ Mx MCF
−iMygγ −iMxgγ M∗CF My
 , (A5)
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where the elements of the mass mixing matrix M are given by Mxgγ = κ kB¯x/(ω + k), M
y
gγ = κ kB¯y/(ω + k), and
Mx = −Πxx/(ω+ k), My = −Πyy/(ω+ k). Here MCF = −Πxy/(ω+ k) is a term which includes a combination of the
Cotton-Mouton and Faraday effects in a plasma and which depends on the magnetic field direction with respect to
the photon propagation. Here ω is the total energy of the fields, namely ω = ωgr = ωγ . In this work all the particles
participating in the mixing are assumed to be relativistic, namely ω + k ' 2k with k being the magnitude of the
photon and graviton wave-vectors.
The system of differential equations (A4) does not have closed solutions in the case when the mixing occurs in
arbitrary matter that evolves in space and time, namely in the case when the system of differential equations is
with variable coefficients such as in cosmological scenarios. However, in the case of mixing in a laboratory magnetic
field, the system (A4) can be simplified by considering a specific propagation of GWs with respect to the magnetic
field direction and by considering the propagation in the magnetic field without gas or a plasma present (see below).
For example, first one can choose the magnetic field to be transverse to the photon direction of propagation such
as B¯ = (B¯x, 0, 0) where we have M
y
gγ = 0 and MCF = 0. Second, if there is a gas or a plasma in addition to the
external magnetic field, usually we have that Mx 6= My which essentially means that the transverse photon states
have different indexes of refraction. In the case when one is able to achieve almost a pure vacuum in the laboratory,
the contribution of the gas or plasma to the index of refraction can be safely neglected while there is also still present
a contribution to the index of refraction due to the vacuum polarisation in the magnetic field. However, the latter
contribution is completely negligible because the magnitude of the laboratory magnetic field is usually few Teslas and
consequently is too small to have any appreciable effect on Mx and My.
As discussed above, let us consider first the case when the external magnetic field is completely transverse with
respect to the photon direction of propagation where Mygγ = 0 and MCF = 0. The fact that MCF = 0 is because
B¯y = 0, B¯z = 0 and consequently the term corresponding to the Faraday effect is absent since this effect occurs
only when the magnetic field has a longitudinal component along the electromagnetic wave direction of propagation.
In addition, in MCF term it is also zero the term corresponding to the Cotton-Mouton effect in plasma because by
convention we have chosen that B¯y = 0. After these considerations several terms in the mixing matrix M(z, ω) are
zero and in the case of the medium in the laboratory being homogeneous in space (including the magnetic field), then
the mass mixing matrix M does not depend on the coordinate z. In this case the commutator [M(z, ω),M(z′, ω)] = 0
and the solution of the system (A4) is given by taking the exponential of M(z, ω). Consequently, we obtain the
following solutions for the fields
h×(z, ω, zˆ) =
[
cos(∆xz)− iMx sin(∆xz)
2∆x
]
ei(ω+Mx/2)z h×(0, ω, zˆ) +
Mxgγ sin(∆xz)
∆x
ei(ω+Mx/2)zAx(0, ω, zˆ),
h+(z, ω, zˆ) =
[
cos(∆yz)− iMy sin(∆yz)
2∆y
]
ei(ω+My/2)z h+(0, ω, zˆ)−
Mxgγ sin(∆yz)
∆y
ei(ω+My/2)zAy(0, ω, zˆ),
Ax(z, ω, zˆ) = −
Mxgγ sin(∆xz)
∆x
ei(ω+Mx/2)z h×(0, ω, zˆ) +
[
cos(∆xz) + i
Mx sin(∆xz)
2∆x
]
ei(ω+Mx/2)z Ax(0, ω, zˆ),
Ay(z, ω, zˆ) =
Mxgγ sin(∆yz)
∆y
ei(ω+My/2)z h+(0, ω, zˆ) +
[
cos(∆yz) + i
My sin(∆yz)
2∆y
]
ei(ω+My/2)z Ay(0, ω, zˆ), (A6)
where h×,+(0, ω, zˆ) and Ax,y(0, ω, zˆ) are respectively the GW and electromagnetic wave initial amplitudes at the
origin of the coordinate system z = 0, namely the amplitudes before entering the region where the magnetic field is
located. In addition, we have defined
∆x,y ≡
√
M2x,y + 4(M
x
gγ)
2
2
. (A7)
Appendix B: Electromagnetic energy fluxes generated with laboratory graviton-photon mixing
In the previous appendix we found the solutions of the linearised equations of motion (A4) for the GW fields h×,+
and for the electromagnetic wave fields Ax,y. In this section we use these solutions to find the energy flux of the
electromagnetic radiation generated in the laboratory for the graviton-hoton mixing (in equations abbreviated as
graph). Before proceeding further is important to stress that in (A6), the GW amplitudes h×,+ are not dimensionless,
as they are commonly defined in some textbooks, but have energy dimension units. This is due to the fact that in
Ref. [20] the metric tensor is expanded as gµν = ηµν + κhµν where the GW tensor hµν has the physical dimensions
of an energy. But in many cases one also writes gµν = ηµν + hµν where in this case hµν is a dimensionless quantity.
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Since the latter case is quite common in the theory of GWs and because we want to conform to the literature, in
expression (A6) one has to simply replace h×,+(0, t) = h˜×,+(0, t)/κ, where h˜×,+ are now dimensionless amplitudes.
Consider the case when GWs enter a region of constant external magnetic field in the laboratory and that initially
there are no electromagnetic waves. The assumption of no initial electromagnetic waves means that Ax(0, ω, zˆ) =
Ay(0, ω, zˆ) = 0 in the solutions (A6). Therefore, the expressions for the electromagnetic field components, in the
graviton to photon mixing for a transverse propagation with respect to magnetic field, are given by
Ax(z, ω, zˆ) = −
Mxgγ sin(∆xz)
κ∆x
ei(ω+Mx/2)z h˜×(0, ω, zˆ), Ay(z, ω, zˆ) =
Mxgγ sin(∆yz)
κ∆y
ei(ω+My/2)z h˜+(0, ω, zˆ). (B1)
The expressions for the electromagnetic field components in (B1), even though very important, are not much useful
for practical purposes since we usually detect electromagnetic radiations through their transported energy to the
detector. For this reason is better to work with the Stokes parameter Iγ(z, t) ≡ Φγ(z, t) of the electromagnetic
radiation generated in the graviton to photon mixing and which quantifies the energy flux (or energy density) of the
electromagnetic radiation. The Stokes Φγ parameter, at a given point in space z, is defined as
Φγ(z, t) ≡ 〈|Ex(z, t)|2〉+ 〈|Ey(z, t)|2〉, (B2)
where Ex and Ey are the components of the electric field of electromagnetic radiation and the symbol 〈(·)〉 denotes
temporal average of quantities over many oscillation periods of electromagnetic radiation. The components of the
electric field E are related to that of the vector-potential A through the relation Ex,y(z, t) = −∇A0(z, t)−∂tAx,y(z, t).
For a globally neutral medium (if there is one except the magnetic field) in the laboratory we can choose A0 = 0 from
the first equation in (A3) and after we simply get Ex,y(z, t) = −∂tAx,y(z, t).
In order to calculate the energy density of the electromagnetic radiation and related quantities in the graviton to
photon mixing, we need first to make some assumptions on the GW signal which interacts with the magnetic field in
the laboratory. In this work we concentrate on our study on a stochastic background of GWs with astrophysical or
cosmological origin. It is rather natural to assume that the stochastic background of GWs is isotropic, unpolarized
and stationary [31, 32]. In order to make more clear what these assumptions mean, we write the GW amplitude
tensor h˜ij(z, t) at z = 0 as a Fourier integral
h˜ij(0, t) =
∑
λ=×,+
∫ +∞
−∞
dω
2pi
∫
S2
d2nˆ h˜λ(0, ω, nˆ)e
λ
ij(nˆ) e
−iωt, (i, j = x, y, z), (B3)
where nˆ is a unit vector on the two sphere S2 which denotes an arbitrary direction of propagation of the GW,
d2nˆ = d(cos θ)dφ, λ is the polarisation index of the GW with the usual cross and plus polarisation states and eλij(nˆ)
is the GW polarisation tensor which has the property eλij(nˆ)e
ij
λ′(nˆ) = 2δλλ′ . The assumptions that the stochastic
background is isotropic, unpolarised and stationary means that the ensemble average of the Fourier amplitudes
satisfies
〈h˜λ(0, ω, nˆ)h˜∗λ′(0, ω′, nˆ′)〉 = 2piδ(ω − ω′)
δ2(nˆ, nˆ′)
4pi
δλλ′
H(0, ω)
2
, (B4)
where H(0, ω) is defined as the spectral density of the stochastic background of GW and it has the physical dimensions
of Hz−1 and δ2(nˆ, nˆ′) = δ(φ − φ′)δ(cos θ − cos θ′) is the covariant Delta function on the two sphere. One can check
by using (B3) and (B4), that the ensemble average 〈h˜ij(0, t)h˜ij(0, t)〉, is given by
〈h˜ij(0, t)h˜ij(0, t)〉 = 2
∫ +∞
−∞
dω
2pi
H(0, ω) = 4
∫ +∞
0
d(logω)
2pi
ωH(0, ω)
≡ 2
∫ +∞
0
d(logω)h2c(0, ω), (B5)
where the last equality in (B5) defines the characteristic amplitude, hc (dimensionless), of a stochastic background of
GWs. In obtaining (B5) we used the fact that for an unpolarised stochastic background, we have that on average,
〈|h˜×(0, ω)|2〉 = 〈|h˜+(0, ω)|2〉 6= 0 while the ensemble average of the mixed terms vanish identically. We may observe
that by comparing the two last equalities in (B5) we get h2c(0, ω) = 2ωH(0, ω)/(2pi).
With the expressions (B3)-(B5) in hand we are at the position to calculate Φγ and relate it with hc or H. Let us
at this point write the components of the vector-potential for nˆ = zˆ as Fourier integrals
Ax,y(z, t) =
∫ +∞
−∞
dω
2pi
∫
d2zˆAx,y(z, ω, zˆ)e
−iωt. (B6)
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The by using expression (B6) in Ex,y(z, t) = −∂tAx,y(z, t) and then putting all together in the expression of the
Stokes parameter (B2), we get
Φγ(z, t) = (M
x
gγ)
2
∫ +∞
0
dω
2pi
[
sin2(∆xz)
∆2x
+
sin2(∆yz)
∆2y
]
ω2H(0, ω)
κ2
, (B7)
where in obtaining the expression (B7) we used also expression (B4). In addition, we may note that both ∆x and ∆y
implicitly depend on ω through Mx and My and thus explain the reason why ∆x,y do appear under the integral sign
in (B7). On the other hand, Mxgγ does not depend on ω since we are considering relativistic particles with ω ' k.
Now in order to relate the total energy density of the formed electromagnetic radiation in the graviton-photon
mixing, we may note from expression (B7) that the energy density contained in a logarithmic energy interval, is given
by
dΦgraphγ (z, ω; t)
d(logω)
= (Mxgγ)
2
[
sin2(∆xz)
∆2x
+
sin2(∆yz)
∆2y
]
ω3H(0, ω)
2piκ2
=
(Mxgγ)
2
2
[
sin2(∆xz)
∆2x
+
sin2(∆yz)
∆2y
]
ω2h2c(0, ω)
κ2
. (B8)
The expression dΦgraphγ (z, ω; t)/d(logω) in (B8) is an expression which tells us how much of the total energy density
is contained in a logarithmic energy interval. The expression (B8) can be written also in an equivalent form in terms
of the density parameter of photons Ωγ and the density parameter of GWs, Ωgw. The density parameter of a specie
i of particles at the energy ω is defined as
Ωi(z, ω; t) ≡ 1
ρc
dρi(z, ω; t)
d(logω)
, (B9)
where ρc is the critical energy density to close the universe, ρc = 6H
2
0/κ
2, where H0 is the Hubble parameter
H0 = 100h0 (km/s/Mpc) with h0 being a dimensionless parameter which is determined experimentally. In addition
since the energy density (or energy flux Φ) of GWs is given by
ρgw(0, t) =
〈h˙ij(0, t)h˙ij(0, t)〉
2κ2
=
∫ +∞
0
d(logω)
ω2h2c(ω)
κ2
, (B10)
where we used (B3)-(B4), we have from (B8), (B9) and (B10) that
h20Ω
graph
γ (z, ω; t) =
(Mxgγ)
2
2
[
sin2(∆xz)
∆2x
+
sin2(∆yz)
∆2y
]
h20Ωgw(0, ω; t). (B11)
The expressions (B8) and (B11) essentially give a complete description of how the graviton to photon mixing
propagates in space in a transverse and constant magnetic field and uniform medium. Both (B8) and (B11) are
equally important and can be used in different contexts in order to compare with experimental data. It is very
important to analyze these expressions in some limiting cases. Consider the case when in the laboratory there is a
medium (gas or plasma) in addition to the magnetic field and when Mx = My. The last condition essentially means
that both propagating transverse states of the electromagnetic radiation have the same index of refraction. When
Mx = My, we have that ∆x = ∆y and consequently we get for (B11) that
h20Ω
graph
γ (z, ω) = (M
x
gγ)
2
[
sin2(∆xz)
∆2x
]
h20Ωgw(0, ω). (B12)
Another important situation is when in the laboratory there is not a medium but only a magnetic field in vacuum.
In this case we have that ∆x = ∆y = M
x
gγ and the graviton-photon mixing is maximal or resonant
h20Ω
graph
γ (z, ω) = [sin
2(Mxgγz)]h
2
0Ωgw(0, ω). (B13)
Expression (B13) tell us that the graviton-photon mixing has an oscillatory behaviour with the distance z in the
maximum mixing case. For a long distance of travelling, there are values of z which make sin2(Mxgγz) = 1 and in
that case we have that all GWs are transformed into electromagnetic waves. However, since Mxgγ is usually a very
small quantity, one needs huge distances of travelling in order to achieve this situation. In many practical cases one
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has that Mxgγz  1 and we can approximate sin2(Mxgγz) ' (Mxgγz)2 in the maximum mixing case.
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